We show that Jacobi fields of a completely integrable Hamiltonian system of m degrees of freedom also make up a completely integrable system. They provide m additional first integrals which characterize a relative motion. Given a completely integrable Hamiltonian system (henceforth CIS), derivatives of its first integrals need not be constant on trajectories of a motion. We show that Jacobi fields of a CIS provide linear combinations of derivatives of first integrals which are new integrals of motion which can characterize a relative motion.
Given a completely integrable Hamiltonian system (henceforth CIS), derivatives of its first integrals need not be constant on trajectories of a motion. We show that Jacobi fields of a CIS provide linear combinations of derivatives of first integrals which are new integrals of motion which can characterize a relative motion.
Let us consider a Hamiltonian system on a 2m-dimensional symplectic manifold M, coordinated by (x λ ) and endowed with a symplectic form
The corresponding Poisson bracket reads
where
is the Poisson bivector associated to Ω. Let a (real smooth) function H ∈ C ∞ (M) on M be a Hamiltonian of a system in question. Its Hamiltonian vector field
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on M. With respect to the local Darboux coordinates (q i , p i ), the expressions (1) - (4) read
The Hamilton equation (5) takes the form
A Hamiltonian system (M, Ω, H) is called completely integrable if there exist m independent first integrals F k in involution with respect to the Poisson bracket (2) . Namely, (i) {H, F k } = 0, (ii) {F k , F r } = 0, and (iii) the differentials dF k are linearly independent almost everywhere, i.e., the set of points where this condition fails is nowhere dense in M [1, 2] . Of course, a Hamiltonian H itself is a first integral, but it is not independent of F k . Moreover, one often put
Let us consider Jacobi fields of the above CIS
They are defined as follows [3, 4] . Let T M be the tangent bundle of the manifold M provided with the induced bundle coordinates (x λ ,ẋ λ ) possessing the transition functionṡ
Any exterior form
on M gives rise to the exterior form
on T M such that the equality
holds [5, 6] .
In particular, the tangent lift (8) of a function f is f =ẋ λ ∂ λ f . The symplectic form Ω (1) on M gives rise to the 2-form
on T M. Due to the condition (9), it is a closed form. Written with respect to the local Darboux coordinates (q i , p i ) on M and the induced bundle coordinates (q i , p i ,q i ,ṗ i ) on T M, the form (10) reads Ω = dp i ∧ dq
A glance at this expression shows that Ω is a non-degenerate 2-form, i.e., it is a symplectic form. Note that the conjugate pairs of coordinates and momenta with respect to this symplectic form are (q i ,ṗ i ) and (q i , p i ). The associated Poisson bracket on T M reads
where we have employed the notatioṅ
With the tangent lift
of a Hamiltonian H, we obtain a Hamiltonian system (T M, Ω, H) on the tangent bundle T M of M. Computing the Hamiltonian vector field of this tangent Hamiltonian with respect to the Poisson bracket (12), we obtain the corresponding Hamilton equations
The equation (14) coincides with the Hamilton equation (6) Note that one can define Jacoby fields of Euler-Lagrange equations in a similar way [3, 7, 8] .
Turn now to integrals of motion of the Hamiltonian system ( Ω, H) on T M. We will denote the pull-back onto T M of a function f on M by the same symbol f . The Poisson bracket {., .} T (12) possesses the following property. Given arbitrary functions f and f ′ on M and their tangent lifts ∂ T f and ∂ T f ′ on T M, we have the relations
Let us consider the tangent lifts ∂ T F k of first integrals F k of the original CIS (7) on M. By virtue of the relations (16), the functions (F k , ∂ T F k ) make up a collection of 2m first integrals of the tangent Hamiltonian system ( Ω, H) on T M, i.e., they are constant on solutions of the Hamilton equations (14) - (15). It is readily observed that these first integrals are independent on T M. Consequently, we have a CIS
on the tangent bundle T M.
Since the first integrals ∂ T F k of the CIS (17) depend on Jacobi fields, one may hope that they characterize a relative motion. Given a solution s(t) of the Hamilton equation (6), one could approximate other solutions s ′ (t) with initial data s ′ (0) close to s(0) are approximated s ′ ≈ s + s by solutions (s, s) of the Hamilton equations (14) - (15). However, such an approximation need not be good. Namely, if M is a vector space and s ′ (0) = s(0) + s(0) are the above mentioned solutions, the difference s ′ (t) − (s(t) + s(t)), t ∈ R, fails to be zero and, moreover, need not be bounded in M. Of course, if F k is a first integral, then
whenever s and s ′ are solutions of the Hamilton equation (6) . We aim to show that, under a certain condition, there exists a Jacobi field s of the solution s such that
for all first integrals F k of the CIS (7). It follows that, given a trajectory s of the original CIS (7) and the values of its first integrals F k on s, we can restore the values of F k on other trajectories s ′ from F k (s) and the values of first integrals ∂ T F k for different Jacobi fields of the solution s. Therefore, one may say that the first integrals ∂ T F k of the tangent CIS (17) characterize a relative motion.
We refer to the following assertion [9] .
Theorem 1: Let N be a connected invariant manifold of the CIS (7). Let U be an open neighbourhood of N such that: (i) first integrals F k are independent everywhere in U, (ii) the Hamiltonian vector fields of the first integrals F k on U are complete, and (iii) the submersion ×F k : U → R m is a trivial bundle of invariant manifolds over a domain V ⊂ R m . Then U is isomorphic to the symplectic annulus
provided with the action-angle coordinates
where (z m−n+1 , . . . , z m ) are cyclic coordinates on the torus T n . Written with respect to these coordinates, the symplectic form on W reads
while a Hamiltonian H and the first integrals F k depend only on action coordinates I i .
Note that, if N is compact, the conditions (ii) and (iii) of Theorem 1 always hold, and we come to the classical Arnold-Liouville theorem [1] .
Let N and U be as in Theorem 1. Let us consider the restriction of the CIS (7) to U. Passing to the action-angle coordinates (20), we obtain an equivalent CIS on the symplectic annulus W (19). The Hamilton equation (6) on W reads
Let us consider the tangent CIS on the tangent bundle T U of U. It is the restriction to T U ⊂ T M of the tangent CIS (17) on T M. Equipping T U with the induced bundle coordinates
we obtain the tangent CIS on T M. The tangent Hamiltonian form Ω on T W reads
Its Hamiltonian
and first integrals (F k , ∂ T F k ) depend only on coordinates (I j ,İ j ). Thus, the coordinates (22) are the action-angle coordinates on the symplectic annulus
The Hamilton equations (14) -(15) on T W read
Let s and s ′ be solutions of the Hamilton equation (6) which live in U. Consequently, they are solutions of the Hamilton equation (21) 
